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A l_lw is (lesiglie(I fi)r sinmltaneous control of the orientation of _n E;u'th-

l)<)intill_4 sl)acecraft, the ellergy store(l l)y (:ounter-rotating flywheels. _n(I

th(, _llgul_t' Ht<)menttHll of the flywheels and control tllomeHt gyr()s(:(,l)es

use([ together as _IH ilttegrate(l set of actuators for attitu(le Colltr()l. Gell-

et'_l, tlolllin(,_l" (,qlmti()Hs of nl()tion are l)reselite(l itl v(,ctor-(lya(li(' |orln.

_tH(l Itse(l t() ol)t_dtt _H)l)roxim_t(' exl)ressions which at'e then lilleariz('(l ilk

l)t'el)ar_tion fi)r (lesigll of c<)ntrol laws that il_(:lude f('e(ll)ack of flywheel

kiHetic ellergy error as a means of cotnI)ensating for (laml)illg exerte(l I)y

rot()r bearings. "i'wo flywheel "steering laws" are (tevelol)ed such that t()l'que

C(>lmmul(led I)y all attitll(te control law is achieve(t while energy is stored or

([is(:harge(l at the required rate. Using the Internatiomd Space Stati()n as

[tlI exallll)le, lltlllleri(:al silltlllatiollS are l)erfornled to (telllOtlstr_lte (:olltrol

_l)()(It ;_ torque (,(tuilil)rium attitude, and illustr_te th(' ])elle_its of kin(,ti('

('II()I'_.V ('rrol' f('e(ll)ack.

INTRODUCTION

Flywheels ofli'_" great 1)romis(' f()r re(luting the mass a_(l extending the lift' ()f sl)a('e('rafl: they store

more e_el'gy l)er HHit ()f t_ass _H(I last sig_fifi(:_ntly lol_ger than (:h(,mi('al ])arteries. Moreover. fly-

wheels can silm_ltaneously store ener_" a_(l exert torque on _ sl)a('e(:raft, making it t)ossil)h' fi)r o)_e

system ()f flywh(,els t() replace two sel)ar_te syste_ns tyl)ieally Nse(l for e_ergy stor_ge ¢_)l(l attitucle

(:()ntr()l. Wh(,H th(, m_ss of the two conventional systems is t_ken i_)to _l('(:()llllt. the Sl)e('iti(' energy of

flywh(_'l systems is exl)e('t('(l to I)(' 5 to 10 times greater, a('cor(lil_g t() Ref. [1]. The attitH(le ('o_trol

system tYl)i('ally r(,l)_esents 11(/( of the mass of a Sl)ace(:raft, and I)_tteries m_ke _l) (i_/ ()f' th(' mass.

ther('fi)r(' _ I:V/, t() 15_/ _'e(h_(:ti()_ in total sl)aeecraft mass is l)ossil)le I)y usi_lg flywheels. Se('o_(l_ry

t)en(,iits ()(:(:_t' _s well; si_('e flywh('els have higher efficie_cies tha_ batteries. _ re(lu('tion in s()l_r

_'t'_5" siz(' _H(I _l_ts,_ l)(,('())t_(,s l)()s._il)le, a_(l rel)oost I)rol)ella_t can l)e re(lu('e(l l)('('_us(' th(' sm;dl(,r

+tIt+IvB l)r<)<h)(+( ` I(,ss (h'+t_. Flywheel systems +u'e exl)ecte(] t() l+_st 15 vc,+u's (R('f. Ill) ()t' ut()t(' wh('i('+_,_

*lkl;(il Slot) 32_, I';-lkl;_il: c.m.roithmayr_larc.nasa.gov, T(,I: (757) S(i,1 (i77_,

t:l():_ I_(h,r I:;_n_ II(,;_(t. Suit(, 1el A. E-N[;dI: {karlgaard, renji, dmbose}_ama-inc.com. Tel: (757i g(iS()!),|l



typical batteries last only 5 years. The greatest advantage of flywhe¢'ls ov+,r batteries accrues ill

low earth orbi_ where eclipse lmppens more fl'equently and for hmger periods than in higher orbits:

repeated charge and discharge cycles, and high depth of discharge significantly degrade batteries
over Iillte.

Consideration was ret'ently given (Ref. [211)to rel)lacing tile International Space Station (ISS)

batteries with a Flywheel Energy Storage Syst(,nl (FESS): hence, there naturally arose the thought

of using the flywheels to assist the ISS Control Moment Gyroscot)es (CMGs) in controlling attitude.

A mmterical investigation of the merits of this idea requires a feedback control law designed tor

CMGs and flywheels used together as an integrated set of effectors. The current CMG control law

described in Refs. [3] and [4] minimizes a ('()st function involving spacecraft attitude and angular

speed, and CMG attgular momentunt. A CMG steering law such as the one developed by Hans

Kennel determines tit(, speeds of the two gimbals (in which each constant speed CMG rotor is

mOUllte(t) needed to 1)rc)duce the torque requested by th(' control law. As a natm'al extension of

the present al)proach, we seek a llew control law derived fl'<)m a cost fmmtion that includes flywheel

allgu]ar IItOtllellttlln in addition to tit(, aforementioned quantities. Also needed is a "flx"a'heel ste(,rin/

law,'" a counterpart to the CMG steering law that will deterndne the nlotor/g_,llerator torqlw to b(,

applied to each member of a counter-rotating flywheel pair such that rotatiomd kinetic energy is

stored or discharged in tit(, required rammer, and the net torque requested by the control law is

l)LOdttce(l simultaneously.

A review of the literature does not reveal any suitabh, existing control laws. In Ref. [5]. Notti.

Cormack. and Klein give a sketch of a control law and an energy distrilmti(m law: however, this work

is not al)plit'alde t)rimatily becattse each flywheel rotor is assumed to be Sttl)ported by two gimJ)als

and the' ISS FESS did not contaiu any gimbals. In addition, tlm cent tel law lacks flywheel angtdar

lllOlllelltlllll ;-ts a fe(+t]back i)arallleter. I_ecellt work Oil (+olltrol laws t()1' integrat(,(I l)()wer all(] attitutl('

contr()l systems deals either with sets of fimr or more flywheels whose spin axes are ncm-collinear

(Refs. If;i [S]). or with sets of variabh_-sl)eed, siugle-gimbal Colitl()l lnOlltetlt g vrt)sf:ol)es (I_efs. [9)

[11]): neither of th('se types of ('(mfigtn'ations are directly al)l)lit:at)h' t<+ th<, cotmter-r<)tating flwvh(,(,l

pair arrallgetllellt of the FESS. Varatharajoo and Fasolllas [12] develop control laws fi)r a Sl)a¢'ecl'a[-/-

using a ('otmter-rotating flywheel eonfiguraticm: however, they only consider a pitch-axis c<mtrolh,r.

Hall's control law. proposed in ttef. [6]. is an open-loop scheme (rather than a ti_e<tback law) t})r

l)erforllling large-angle attitnde lllallettvers. It does llot aceo/lnt fi)i gravitational and aert)tlyllalllic

torques which ha_,e a significant effect on the motion of ISS, an(l thereibre can not t)(, used for

maintaining torque equilibrium attitude, tit(, l)rimary job of the CM(Is. Hall introduces a flywhe('l

steering law based (m a matrix l)Seu(lo-inverse: it is al)l)lied in ea('h of Refs. [7] [11]. Tsi<,tras.

Shen. and Hall employ LYalmnOV stability theory in Ref. [7] to (levelop a fe(,(tl)ack (+ontrol law which

l)erforms well in simulations involving (listurl)an('e torques: however, flywheel monmnttmt is lmtnag(+(l

I5' exl)en(titure of prol)ellant. ('osti( +et al. develo l) in Ref. IS! a nonlinear controller whi('h in(+hMes

an adaptive s('h(+nte f()r estimatinx the mass (listrit)tltion of the spa('e('raft, but they (to not address

lllOlllellt 1Jill illS/lla_elllellt.

In Ref. [9], Fausz and Ri('hie extend the work of Hall to a nonlinear fee(ll)ack controller appli('at)le

to a s('t of variable-speed, singh'-gilnbal (:ontrol m()ment gyros(:opes. Together with Tsiotras. they

(:ontinue their discussion in t/(+f. [10] attd l)resent simulation results, but molnentum managenmnt is

not addressed in either of the two papers. Yoon and Tsiotras deveh)p an adaptive nonlinear ('ontrol

law in Ref. [11], and incorporate wheel-speed equalization to reduce the, possibility of singularities

an(l kee l) the wheel sl)ee(ts within acceptable limits. Nmnerica[ simulati(m results show that attitu(h,

and power pro[-iles can I)e tracked even when the sl)a(:eera0 inertia prol)erties at'(' unknown. ()f all

the l)apers melltioned heretofore, Ref. [111 is the only one in which attitude eontr(>l, m()m_,ntmn

managenJent, and power management tbr flywheels is cotlsi(t(,r(,(I in an integrated fashiolL

It is important to note that Refs. !6] [1 ° ] fail to take into ac('(>mtt damping torque exert('d by

the Sl)a('(,('l'aft and a flywheel r(>tor on each other: in 1)l'a('ti('e. this will ('atls(' th(, actual rotational

kinetic ('nergy IJossess+'(I l)v tll(, flywheels t() <liff_'r fr(>nt the r_'quir('(l anl()mlt. Non(, of th_,s_, w()rks

int'ht(h' am ti,(,(lba(+k ()f err()lS in ttvwheel p()wc,r or kineti(' energy, s()m('thin+4 which must I_, (h)n('

under r(,alisti(' ('on(litious.



Figure1: SpacecraftwithFlywheelandCMG

Inwhatfollowswe1)rt,sentequationsof motiontobeusedinmun(,ricalsimulationsandincontrol
law(h,sign,(h,v(qol)twoflywheelsteeringlaws,designanalgorithmtormanagingmomentutn_-/ll(l
maintainingtorque equilibrium attitude, and present simulation results showing the 1)erformanc( ' of

th(' control law as well as t h( _ bellefits of flywh_,el kinetic energy t,rror feedback.

EQUATIONS OF MOTION FOR SPACECRAFT WITH FLYWHEELS

AND CMGS

Dynamical Equations

The system of interest, S, is composed of a rigid body B moving in an inertial or Newtonian reference

fl'am(' N, and s(,verM rigid axisymmetric rotors R 1 ..... /r_,, whose mass centers are fixed ill B. A

subset of the rotors R1 ..... R_- have spin axes fixed in B so that these rotors represent non-gimballod

flywh_,els or r('action wheels. Each of tile remaining rotors R_-+I ..... R e ar_' attach_'d to B with one

or lnor_ lnassl_,ss gimbals which permit the direction of the spin _txis to change relative t(> B: these

rotors thus r(,l)resetlt a nulnl)er of CMGs, C = p - .7-. (The latter subset could contain glint)ailed

flywhe(q rotors as well as CMGs, lint we con(:ern ourselves ill this work only with non-gimballed

flywh_,tqs.) This system is illustrated ill Fig. 1. with rotors /?2 ..... Hi, 1 omitt('d for tht' sakt' of

clarity.

The equations of lnotion are derived using Kane's equations (Eqs. (6.1.2), 1qef. [13])

F,.+F,: -i} (r=l ..... ,,) (1)

wh(,r(, F, are gtmeraliz_,(l active for('(,s for S in N. F 7 _11"(,generaliz_,d in(,rtia for('es for ,5' ill ,\', all([

r_ is tit(' numt)er of degrees ()f fr(,_!(lont of S ill N.

The" syst_'m ,b' is h<donomic and th(,reli)r(, a COml)lete (h,scription of the, lnotion of ,b' ill N l('qllir('s

tl g(,n_,raliz_'d spo_,ds ul ..... ,,,, conv(,ni¢,ntly chos_,n as follows.

\'co l_ - +zlbj + w_,b2 + .:¢b:_ (2)

wh(ql, NOO f_ iS Ill(! angular v_,locity of B ill N. and bl, b2. and b:_ are a s_'t of mutually orthogonal.

right-handled unit v_,('tors fixed in B.



We introduce unit vectors _, fixed ill B such that they are each I)arallel to the spin axis of

a flywheel rotor 17,, and therefore to the angular velocity l_w n, of Ri in B. Generalized speeds

u_ ..... up+:_ associated with tile flywheels can then be used to write the angular velocities _s

= It}+ 3 _ ,... , (3)

The inner gilnbal of each CMG is fastened to B with a rew)lute joint in a single-gimbal config-

uration, whereas a double-gimbal CMG has the inner gimbal attached with a revolute joint to ;-Ill

outer gimbal, which is in turn mounted in/3 with a secolld revolute joint. The axis of each revohlte
joint is assumed to pass through the mass center of the rotor, which is thus fixed in B. Ill order _o

maintain generaliLv with regard to the number of CMG rotors and gimbals, the angular velocities

/_w f_,. _..... Bw _¢, of the rotors relative to/3 are not written explicitly, but they nmst be funct ions

of the generalized speeds uy+4 ..... u,_-3, where one generalized speed is required for every gilnbal.

The final three generalized speeds are associated with the velocity of the mass center N* of S ill
N.

NVS'" = t/n_2n I + t6__1112 4-/1.I13 (4)

where na. n2, and n3 arc a set of mutually orthogonal, right-handed unit w_ctors fixed ill N.

Let cr be the set of flwces exerted on S c:rc(pt those exerted by B and R, on each other (i -

1..... p). The fl)rces in (7 acting Oil B, H l ..... _jr{pare equivalent to single tortes F_.FI ..... F/,

apl)lied at the mass centers /3*. fll ..... R/*, of bodies B, RI ..... R:,. respectively, together with
couples whose tor(tues are Mt_, M i..... M/,.

rio account for the forces exerted by B on R_. we regard them as equivalellt to a single fl)rce

F *C*¢' applied at/?_, together with a couple whose torque is M ts/n' . Since R* is fixed ill B. F B/u'

('ontribmes nothing to F,. (i = 1 ..... p: r 1 ..... _).

The generalized active fl)rces fore ill N art' ol)tained by al)l)lication of Eq. (4.6.1) ()f Ref. [13],
and are given I)v

l)

F, Xvff'. F + _'\'"6(_. M + E ,_c°'(¢' " (Mi + M'_' '¢')
I= l

(r= 1..... .) (5)

where Nvff" is known as tile rth partial vel<)city of S* in N, Nwff is the rth partial angular
wqocity of B in N, and so tbrth. The vector F is the resultant of tile forces ill r, acting on S.

F = FI_ + _/,'=1 F,, and M is the moment of<r al)()ut S*, given t)y M = M_ + r 'w'B" x F/s +
_=/,'-1 (Mi + r 's'*t+7 x F,). where r '_'*B* is tile position vector fronl S* to B*. el('.

The generalized inertia torces for b' in N are fi)rmed according to Eqs. (14.11.5) (4.11.7) ()f

Ref. [13], and are given 1)y

F

. x /" x a/" '\'w/_ ] ' '"o_ t_
F, = v,. • ms' - . • I s'''s'" •

k

)+ : \ _-_ t_H:+:/_C + _'\'co_ × _HU,/m +

l_w,{¢' d X,HH_/H; (,'= 1,. *,)

_=1

+ _\,_1_ × i//_ ," . x_f3

P

_=.f-+ 1

wher(, re,s, is the lll;-tss ()f systenl S. _\_a _'" is the acceleration of S* in N. I_:_':''" is the inertia dya(ti("

()f S f()r S*, Xc, t¢ is the angular a('(:eleration of/3 ill a\r It¢,:1C is th(' inertia (lya(li(' of/7, fi)r R 7.

and the ('entral angular lllOlllellla <)f R+ ill B, an(l ill N. ar(' den()t(,(I rpsp(,<'tiv(,ly 1)y BH I¢,,_<;. and

:\_H _+:/_C. Difl'erentiatiol_ with respect to time in B. and in :V, are iltdi<'ated respectively by _d/dt
alul X d/dt.



According to Eqs. (1) th(, generaliz('d inertia forces from Eq,_. (6) al'(, added to the gen(u'aliz(,d

activ(, fl)rces from Eqs. (5) to yiehl vector-dyadic equations of motion for a spacecraft containing

flywheels _tll(l CMGs

_"v;_'*. (F - m,,_'_a ''" )

x " {M [I"/>_'* xo_"+'_'_wBxlS/'s'" N_ B

/ ) '(+ 7;=\ + × + '3'° -

" ( "" )+ Z _ _'(¢_ " M, + M _/t_' __ :vH n,/_<; = l) (r = 1 ..... ,)dt
i:1

Eqs. (7) are completely general with regard to the number and orientation of flywheel rotors, and
the number of CMG rotors and/imbals. In this form, they are at)l)li('able to val'ial)le-sl)('e([ CMGs.

These equations of motion, and t h(' expression for gelleralized inertia forces, can 1)e compared briefly

to l)r(_vious work.

Refiu'ence [14] is concerned with gyrostats and relevant equations that can l)(, (le_d) with easily
bv an analyst and quickly by a COmlmter. Expressions for generalized inertia forc('s _u(' presented

s(q)arately for a gyrostat (.ontainillg a single cylindrical rotor, and for one contaitdng a singl(' sl)herical

r()totu an un(l(,rlyin_ geueral relationshil) ((705) developed in Al)I)endix C can b(, shown t() give ris('

to Eqs. (6) l)resente(l here, when no CMGs are present (C = 0. thus i> = _). The term in the

second line of Eqs. (C05) accounts for but a single rotor, although additional rotors can l)e handled

straightf()rwardly I)y _dding a ,'..111111of similar terms. The corresl)on(lenc(' between Eqs. (C65) and

our ((;) is shown 1)3' al)l)ealing to Eqs. (24), (C51), (C35), (C24), (3), and (C34) of 1R(,f. [1-1], and

replacing their bd)('ls G. B. and A fi)r th(, gyrostat, rotor, and carrier respectively with our S, R,,

tm(I /3. Th(' use of th(' system mass and inertia scalars, togeth('r with th(' molnen) ()f in(u'tia fi)r the

axis of symmetry <)f each r<)tor, is shown in Ref. [14] to h,ad t() gret_t(,r el'fici(,ucy )Iron use ()f mass

l)rOl)erti('s of individual bodies in a gyrostat: this advantage haI>l)ens to a(wru(' to Eqs. ((;) trod (7)

develot)e(I h(u'e.

Rheinfilrth and Carroll t)resent in Ref. [15] vector-dyadic equations of motion (27) tot a spacecraft

composed of a rigid carrier and a rigid apl)endage whose mass center is fixed in the carrier. Additional

al)l)en<la_es are accounted fi)r easily by forming a sunn as they <1oin E<l. (I(;), but the resulting ve('tof
<lyadi<" exl)ressi<)n will give rise t(> only three scalar equations. It is i)ointe(l out near th(' botlom of

l)- (i that a ('M(; can ])e re_ar<led as an al)I)en(]a_e, however, the motion of ev(wy al)l)('n(]_)Ke relative

1() the carrier must b(, l)rescri])ed if' the 3 equations are to s("l'V(_D.s (lynalnicM equations goverllillg

th(. moti(aL of the carri(u'. Referen<:e [15] do(,s not contain cotmterl)arts to )he )) - (i ()f our Eqs. (7)
)hat govern the IHotio|l of th(' rotors, or to the 3 e(lllatiolls goverlliIlg th(' l-ratlslationa] Hloti()ll of

th(' system. It ('a)_ ])e shown rather easily that I_heinfurth and Carroll's Eqs. (27 I) give way t() )he

first thre(' of Eqs. (7) her(' wh(u_ all rotors are l)ermitt('d to ])e CMGs (U = (), thus t) = C). Afte)'

forming the r(,quiv(,d sum, _md rel)lacin g their' symbols L wi)h M, I with I _v<''. I)> with _I_' _C,

_ with '\'w _, _)) with t_o _'. ((_),. with _\'_ _, and (d:)))v with Uc_ n,. it becomes evident that
forming dot l)roducts with the resulting exl)l'(',qsiOll 31|(] three ve('tors NW/¢ I)ro(]u('es th(' first thre('

scalar rel_tionshil)s given ])3' Eqs. (7).

Dynamical Equations for A Complex Gyrostat

A spac(,('mft knowu _ts a simple gyrostat is <lescril)ed in Sec. 3.0 of Ref. [I(;]: th(, svst('m H in )he

l)r(,c(,din/(liscussi()n b(,com('s a siml)le gyrostat when the numl)er of flvwh(,(,Is .Y" is (,qual t() i, and
when H(> C.MC;s ar(' [)resent (C = 0, /_ - ?). A Sl)_W('craft with more than one llvwh('('l, such _s the

one sh()wH in Fig. 2. will l)e r(,fert'ed to as a complex gyrostat: equations ()f m()lion with .U - (i are

given in th(' folk)win/materi_d.
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Figure 2: Spacecraft with Flywheels

b3

Without a great loss of generality one can at this point work with six flywheel rotors Rl ..... R0

(._" - ti) arranged in three counter-rotating i)airs as shown in Fig. 2. with the spin axes of R) and

R4 parallel to b,, t'72 ttlld R 5 parallel to b2, and R:+ and R<; parallel lob:+. The generalized speeds

u4,... , tt.,) associated with the flywheels are then used to fin'm the allgulal' velocities B_o r+, of R/in

B, (i- 1..... o)
lifo t_, _ u,lbt. B w te_ _-- u6b2, Ha; tC __ asb:t.

t_o _¢' = usb,, l_co h'r = o7b2" t/o3 1¢,,= ,,b:_ (s)

Up to this point the moment about R; of forces exerted t)y B O11 /_, has been represented I)y

MR/R': henceforth we regard the dot product M B/[+; • fli (i = 1..... _') as the sulll of two contrilm-

tions. The first is fl'om a motor�generator, and will be denoted by M EC'f+' • fi, for convenience. The

second is due to damlfing, relate<l I)y a constant of l)rOl)ortiomdity ('d to the angular speed of R, rel-
ative to B. For example, in (:(mnet'ti(m with rotor Rl, M fCR' • bl is repbwed bv M t_/I¢_ • bl - ('d":,

in Eqs. (7).

Unit vectors bl, b'2, an<l b:¢ are taken to be paralM t<) central principal axes of inertia <)f H, so
that

I '_'/'_'" = I_ b_ bl + I,_,b262 + Iabab:_ (9)

where It, 1.2. an(l I:_ ar(' ('entral t)rincil)al moments of inertia of S'. E(luati<)ns (7) then yiel<l twelv(,

s('alar relationshif)s: Ul)On <h,('oupling the first three from the 4th thr()u_4h 9th. they can })(, written
as

(Ii - 2,/)itl = (12 - I:_)u._,u:_ - .J[u2(us + m)) - u:_(ut_ + UT)] + 311

-(MI +M H_'+_ +Mt+M '_'''_') .b, +(',,(ut+ur,)

(I2 - 2.1)_)2 = (I:_ Ii),lu:_ -.l[u:_(ui + u:,) -u_(u_ + m))l + 312

-(M2+M z;/'¢-_ +M,,+ M '`'re') "b,2+Cd(u,i+uv)

(M:,+M I'''/<_ +M.+M ''''+'') -b:,+C'd<._+u,))

I0)

11)

(12)



,J([ll+

,J(iJ_+

J(<, +

,1( _;,_,+

./(i_a +

.1( _;:_+

bl) = (MI + M t3/n')

i,z)=(M.,+M ''/u')

/,(_)= (M2+M ''/n-')

i,7)=(M_,+lVI ''/H')

i,s)=(M:,+M ''/'e')

b_)) = (M(I + M Bi'l<")

bl - C, tu4 (13)

bt - (',lu:, (14)

b2 - (',¢tt(_ (15)

b_, - ('a.r (16)

b:3 - (',l u,_ (17)

b:_ - ('a._) (IS)

ms,L. = F,._:) (7" = 10.11.12) (19)

where .l ix the central principal moment of inertia of a flywheel rotor for its axis of symmetry, the

scalars ,l/j in Eqs. (10) (12) are defined l,y the relationships 312 _ M • b). and Fj in Eqs. (19) are

detmed as F a _ F. nj (.j -- 1.2,3).

E(t s. (10) (19) are thus a complete set of nonlinear dynamical equations of motion for a COlnph'x

gyrostat composed of a body B and six axisymmetri(' rotors H1 ..... /2(_ whoso lll_lSs ('(qllHq's _-ill([

sl)in axes are fixed in B: the rotors are arranged in pairs, with the spin axes in each l)air lmralh'l t()

each oth('r and t() a central l)rincil)al axis of inertia of the gyrostat.

If a rotor R, (l()es ll()t possess a magnetic dil)ole mom(uit, and is housed inside B where it is

protected from th(' a(:tion of aerodynamic Ibrces, then tit(' l)rin('il)al ('ontribution to the exterlml

torqu(, Mi is gravitatiomd mOlllent exerted l)y the (:elestial body about which th(' gyrostat orl)its.

An exl)ression for an of}(,n use(l approximation of gravitational moment is given in Eq. (2.(i.g) of

iR(,f. [I(;]. wh('r(' it l)e('omes clear that the dot l)roducts M, • b, and Mi+a • b, (i = i. 2.3) all vanish

b(waus(, in (,a('h case th(' unit vector b_ is l)aralh'l to an axis of symmetry of th(' rotor. \Vith ('a ().

Eqs. (I0) (12) and (17) are easily showu to reduce to Eqs. (3.7.28) (3.7.31) in lRef. [16] for a siml)h'

gyr()stat in which the spin axis of the single rotor is lmrallel to b:¢.

Approximate, Linear Equations for a Spacecraft with Flywheels and CMGs

In Ref. [3], Wi(' et al. develo 1) a schenm fi)r controlling a sl)acecrafl's attitude and managing the

allglllar lllOlll('lltlllll of a collection ()f CMGs. and the results ar(' apl)lied to a space statioll. Ill th('

case ()f a sl)ac(,craft carrying CMGs and no flywheels (Y = 0, p = C), the first three of E(is. (7) can
I)e shown t() xiv(' rise t() tit(' six relationships etnl)h)y(,d as a t),tsis fi)r control law design ill Hcf. [3].

mtmely Eqs. (1) and (3) th(wein. An essential step in the dem(mstration consists of neglecting

the s('c()nd sum (whi(:h)e(:eives contrilmtions only fl'Olll ('MGs) in (:omt)arison t() the ill'st sum

al)p(,aring in Eqs. (7), based ()11 the assumption that the CMG giml)al Sl)e(,(ls at'(" much less than

the rotor spin sp(,(,(l. In addition, central lllOllleIltS alld I)roducts ()f inertia of H ar(' r('gar(h'd as

constant in Ref. [3], based on tit(, assmnl)tioll that reorientation of CMG rotors (and gimbals) (l()(,s

not signiti('antly r(,distril)ut(, system mass. Both assmnl)tions are quite reasolml)l(' in th(, case ()f th('

Interlmtiomd Space Station and its Ibm' ('MGs with constant rotor sI)eeds of 6.600 rl)m.

Ther(, at'(' n dymnni('al equations of lllOtiOlt (7): t)- :{ ()f which govern rotational motiol> of t3 and

th(, ('MG rotors. "l'h(' first thr('e of these are al)l)roximate(l l)v the thre(, Eqs. (I) of R('f. [3]. t()g(,th(,r

with th(, thre(' additional r(qationshil)s introdu(:e(l in Eqs. (3) ()f R('f. [3] to r(,l)res('nt tl,(' (,fl('('ts ()f

('MGs. This apl>ro_wh d()es n()t a('(:()mlt entirely for all t_ (i ()f Eqs. (7) that must f()lh)w fi'om

the third Slllll th(,rein, wh(,l'(, /_ -- 6 is equal to the numl)er ()f gimbals (r('volute joints) SUl)l)orting
th(' ('MG rotors in B: h()wover, for the l)Url)oses of designing a control law the al)l)r()a('h can l)('

('xten(l('(l 1() r('l)resent th(' ('ff('cts ()f flvwhe('Is ill a similar manner. There results lliil(' al)l)r()ximat('

dynamical equati()ns f()r a Sl)a('(wraft with flywh('('Is and ('MGs. To (h,s('ril)(' th(' ()ri('ntati(m ()f /3
in a l()(:al v('rti(:al, h)('al horizontal r(,fbr(,n('(, fram(, L. ()n(' may ch()()s(' a l)()dy-thr('('. 2-3-i r()tati(m

s(,qu(,n('(, as set f()rth <m I). 42:_ of Hcf. [16]. The s(,quen('(' is also known as l)it('h-yaw-roll, with th('



angles denoted by 0x. 0.2. and 0:_ respectively, and there are three associated kinematical equations

()f nlotion. The set of tweh'e O([llatiOllS ('all be Iillearized aI)Ollt all Earth-l)ointing motion associated

with a circular orbit of rat(, Jr, and written as

11_']! = (I:_ -- I2)(3n203 4- nU:3) Vl -- TI -F II' 1 (2())

I'>_'_, = (I:3 -- I1)(3n20l) -- r'2 -- ?,, + 0,,2 (21)

I:_t_:_ (1"2 11 )nh r:_ r:3 + u,:_ (22)

/I 1 = 11/I 3 4- 7"1, /1', = T 2. /I;3 = --II/I 1 @ T?) (2:{)

(24)

3, = = ,l&. 0:3 + ,i;_, (25)

where all quantities with a tilde over theln are referred to as 1)erturbations, and considered "small."

The lllOlllent M is regarded a.s tho sum of two terms, the gravitational nlonlent exerted on S and

reflected ill the terms with it coefficient of ,//i-. as well as all other contributions w. with tv,. = w • b,

(r = 1.2.3). The scalm's r_. are defined ill terms of the contributions from CMGs to tho first sum in

Eqs. (7),

& 2_ Z BHtC/ICT,. 7" • br = t_ n t_, .'IF "\_w t_
i=.7"+1 _ (-_ ' + x • b,.

= [ _ \,=y+l BH*C/*¢: + xw_ × \,=?+t t_Hl¢''le7 "
b,. (r 1. '2.3) (2fi)

The scalars /i, and il,. denote the perturbations of the quantities

h,. _ h. b,. _ *_H t¢,/IC • b,.. /i, -77h,. (r = 1.2.3) (27)
\_ =,):-+ 1

The scalars ¢,.. /2/,., and /_/,., and the vectors "7 and H. associated with flywlwels, are involved m

similar relatiol|shil)s with tile limit.s of the SlllllS going fl'Olll 1 to .T. ratller thall frolil _ + 1 It) p.

Equations (20) (25) are SUl)i)lenlented with differential equatiol_s governing J" t_,. dr, f [I, dr. and

f O, dt (r = 1.2.3) such as those introduced in Ref. [31 to eliminate biases in the time histories of

tile integrands. These relationships I)ecome bettor suited for control law design after they haw' been

made nondim(,nsional by use of th(, fi)llowing definitions.

. & • = gl, h7 z: Ili H7 _ H,
< =°'" "' = -',, - 1, ,," F,71 (i = _, 2.:_) (2s)

" -- T, , u' i - (i = 1.2, 3) (oq..
Ti I it/-'" I, _f'- 11 _{-'

t* A_ _,t (30)

Diff(u'ent subsets of the 21 nol_(linlensional, linear difl_u'ential e(lilatiolls ('all l)(' written in th(' fl)rm

required for al)plication of tile Linear Quadratic Iqegulator technique.

{:i'} = [A l {.r} + [B] {r} + {W} (31)

to obtain V_-triolLs linear col).troller designs with the goal of deterntining the values of r and "7 that

l)est control th(, orientation of ]3 in L. and minimize the magnitu(]es of h and H. Th(, co]mnn matrix

{T} is dilnensioned (i x 1 with tilt, elements

where the SUl)(,rscril)t T in(li('ates the transpose ()f a matrix.



FLYWHEEL STEERING LAWS

Tlw great I)enefit of utilizing flywheels is that they can serve simultaneously as attitmh' control

actuators and as energy storage devices: this dual role requires that "_. obtained on the basis of

attitud(, control c(msi(l('rations, I)(, apl)lied in a way that allows (_ll(_l'gy to bo stored or discharged

as noede(l. A flywheel rotor Ri is s,,spend(,d in a vacmml housing in B with magnetic bearings, and

r(qatiw' mot|tin between Ri and /3 is brought about by a motor-generator that enables B to ex('rt

on R, a torque with magnitude M f_/_¢' • _},, the Imrpos(' of which is to produce and change rotor

momentmn in order to fm'nish att itud(, control, altd t() alter th(' rotor's rotational kinetic (nwrgy.

An iml)()rtant measm'(, of ellergy storage is power, or the rate at which rotational kinetic energy

is changed. In this section r(qationships for M I_/'I¢' • _i as functions of power, _, and r()tor speeds

ar(' (l(w(qol)(,(l: they are ref(,rr(,d to colh,ctively as a flywheel steering law because they at(' similar in

m_tur(, to a CMG ste(Mng law that determines gimbal sl)ee(Is (and thus, indirectly, gimbal motor

torques) ne(,d(_d to produce 7" as requested by a control law. Two such steering laws are I)resente(]: the

first is th(, result of siml)ly i)r(_scribing the total power of th(' flywheel system, wher(,as Sl)('cification

of the l)<)wer requir('d for each of three flywheel pairs gives rise t() the second law. Bearing friction

and damping are neglect(,(l in the desigll of the steering laws.

Th(' flywheel rotors at(' arrallg('(l in (:ounter-rotating pairs: each I)air. denoted by F,. consists of

rotors [1, and R,+:_ (i = 1,2,3). Ileferring to Eq. (5) of t_ef. [17 I. th(' power Hpt., of F, in B can

I)(, exl)r(,ssed as

Hp F, = .j _)'2>+'2w2,+2 -1- '_)2,+3_12i+3) (i = 1,2.3)

aim thercfin'v the total power may be expressed as

3 3

Z "r". .Iz
i=1 i'=l

(34)

(35)

Now, if t)l, b2, and h3 are assmned to be sinall in comparison to _i_ ..... _i_). Cd is neglected, and

M, • bi and Mi+:_ • b, (i = 1,2, 3) vanish for the reasons put forth earlier, then Eqs. (13) (lS) mav

I)e al)l)roximated as

.lir,i+u _ M f_/t¢; • b,, .11/2,+3 _ M _/I¢ .... • b, (i = 1.2.3) (36)

which, tog(,ther with the comlteri)arts to Eqs. (26) aim (27), h'a(I t()

(f xco t_ x H) • b, = /2/, = .1(_)'-'i+2 + h'_>i+3)

(M "/1,_ + M I''/', .... _ • bi (i = 1.2.3) (37)
\ /

O1"

M B/f¢ .... .bt _ (_- ?'!a)I_ × H- M H/I¢_) *b,

Sul)stitution from E(ts. (3(i) into Eq. (35) produces

3

Hp,," _ Z ( w2i+2MH/,¢' + °2i+:_'M1¢/1¢ .... ).b,

(i = 1.2.3) (3s)

(3!))

Eqs. (3_) and (:/9) constitute a system of fore' equations, linear in th(' six unknowns NI t_<_¢ • b_

and M _/_¢ .... • b,. (i = 1.2.3). This mM(,r(l(,t(,l'min(,(l s.vst(,m can I)(, wl'itt('n in matrix |})rill ils

[A,I {:,/}= {:} (_())



whel'e

1 1 0

t_t Jr, _ =a (! (} 1
0 0 0

1-1.| I-15 It(i

{!I} _[ M B/'_''BI

0 0 0

1 0 0

0 1 1

_7 "_ _,

M 1_ • bl M/3/re-' • 52 M _/t¢_' • b'2 M t_''1¢:_ • b:_

{z} _ [ (*7 - xwB x H) • b I (_ __ XWZ_ X H). 1,2 ('F- xw_ x H) • b:_

(41)

M'/'.B:, ]_
(4_9)

.pr ]1 (43)

One may solve Eqs. (40) I)y fornfing a matrix pseudo-inverse such as the one presented in Ref. [18]

and developed by Moore and Penrose for underdetermined systems.

which yiehls the solution

[.4,1+ [A/' (IA ][A4T) (44)

{,} = IA_]+ {:} (4_,)

that mininlizes the Stllll of the squares of the unknowns, {.q}T {y}. (There exist several other

l)erforlnan('e measures that (:ould be considered in solving an underdeternfined system of (,(tttations.)

This is ill essen(:(' the suggestion made by Hall in Sec. 4 of Ref. [6], yM(ting a steering law wherein the

power and attitude control re(tuirenwnts al'o lllC.t sinmltaneously, and a function ()f the instantaneous

m(/tor tor(lues, the stun _:_=1[( Mt_/te' hi) 2 + (M_/H'+_ "• • b,)"], ix minimized. Upon making the

definitions

the l)seudo-inverse (:all be written exl)licitly a.s

[A,] + =

'2 (dl '2 + d.2 _ + d32)

2o5dl + de e + d3 2 s:_dl S3dl

-2t1-ad1 + de e + d3 '2 s2dl -,'_3dl

sld2 2u7d2 + dl 2 + d3 2 ,s3d 2

-sld2 -2u(id2 + dl 2 + d32 -s:_d_,

sld3 ,s2d:_ 2m_d:_ + dl '2 + de e

-,sld3 -s2d3 --2usd:_ + dl 2 + d22

(4s)

-2dl

2dx

-2d_

2d2

-2d:_

2d3

It is worth notin_ that if the rotor speed (tiffer(qlces di, rt2. an(l d:_ vanish fi)r all three fl.wvh(,el

1)airs, the l)seu(lo-inverse be(:ontes infinite and the steering law does not fmufish a result. Sin('e the

rotor sl)eeds of the flywheels in each pair will normally have Ol)l)osite signs, this c(in(titiou sh()uld 1)(,

mllikely. In addition, examiuation of E(ts. (42), (43), (45), and (48) reveals that when the flywheels

at(' not re(luired to l)rovide attitude ('ontrol ('7 = 0). and tile condition of counter-rotation ix t)resent

(U2i+3 = U2_4_2, thus H = 0). this steering, law (ti('tat(_s that M f3''/¢ .... • b, = -M _'I¢' • b,. and

(x)unter-rotation is l)reserved.

As an alt(,rnativ(, t() (h,aling with the fi)m" E(ls. (38) an(l (3.q), one ('(ml(l r('l)lac(' tilt' siugl(' Eq. (3!))

with thre(, others t)y choosing to (livid(, the power re(tuirem('nt ('verily alnt)n_ th(' till('(' flywh('('[

pail's, t_pF_ __ 1_pr'_, _-- l?,pt,', = 5l f3p r' ,viel(ling six equations in six unknowns. Sut)stitution

fi'onl E(ls. (36) into E(t s. (34) gives the three new e(tmltions

"P"' _ (u2,+2MI¢"¢ +,_,,4:,M ''/1¢ ..../] .b, (i 1.'2.3) (4_))
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Now, substitution froin Eqs. (38) gives

= (u_i+2 - u2i+:_)(M "/'< * b,) + u2,+a ('F- "w z_ × H) * b, (i = 1.2.3) (50)

which can be rearranged to yiehl

.pF, (_- x_o" H) b, (i = 1.2.a) (51)M _/t< • b, = -u2,+:, × •
u2,+2 - u2i+a

alltl, wheli Olle substitutes from this expression into Eq. (38), tilt' result is

M _':'t¢' .b, u2,+2('7- NwB×H) "bi 1_pf',• . = (i = l,_9.:t) (5_)
_12i+9 'lZ2i+:3

Eqs. (51) and (52) constitute another flywheel steering law, indicating tile lnoment that must be

applied by a motor-generator to each of two z'otors Imlonging to a counter-rotating l)air in order to

apl)lY _ its called fin' by *Ill attitude control law. and at the same time satist\' power requirements

specified 1)y t_p t.; Each fl)_vheel pair is expected to operate with the sign of the rotor speed u2_+:_

Oplmsite the sign of *t2i+2: henco, the denominators u2i+2 --t/2,+3 should remain well away fl'om

zero. hi the event that the flywheels are not required to participate in attitude control, and the

condition of COUllter-rotation is present, the st(_,ring law yields M f_/t¢' _ • b, = -M IL/le' • b, and

thus maintains the condition of ('_mnter-rotation.

LINEAR CONTROLLERS

Laws for controlling the orientation of B in L, and the momentum of ttywheels and ('MGs. have

I)e(,n designed using the infinite-horizon Linear Quadrati(' Regulator technique, in which a scalar

qua(hati(' I)erformance index given I)y

/,i"_D : ({:1:} "[' [(2] {3'} + {7} T [P1 {7}) (tt (5:{)

is mininliz(,(I sul)je('t to the linem' Eqs. (31) with {H'} = {0}. Tile technique yields a state feedl)aek

gain matrix [K} which in turn is used to obtain {r},

{r} - -[K} {:r} (54)

As suggested I)y Bryson and H(, in Ref. [1.q], the weighting matrix [Q} can I)e (:hosen as diagonal.

and unity sh()uhl 1)(, al)l)r()xinmt('ly equal to th(' l)roduct of Qjj an(t the square of the llZaxin|llnl

a(:('el_tal)le value of the ass()ciated (dement .rj of {.r}. Maximum accel)tabh' values of several 1)aram-

('ters used ill c()nstructing [Q] are listed in Tabh, 1. Beff)re constructing [Q}, the values in Table 1

must I)(, ma, h' non(timensi()nal to be in corr(,sl)on(len('e with the eleinents of {:r}. Likewise. a ttiag()-

hal fi)rm of [R] is convenient, with unity al)pr(_xinlately equal to tilt, product of Rkk and the S(lllaz'e

of the maximum acceptabh' wdue of the asso('iate(t elenlent t)f {T} (k = 1 ..... 6). The maximum

(,xl)e('ted value of each element of {r} is taken to be 2.7 N-m, which must be nolldimensiolmlized

I)(,Ii)re (.()nstructing [R].

Simulation Parameters

()thor values r('quir(,(l tot a numerical simulation i-tl'(,, kin toIlows.

Moments aim l)r()(lu('ts of inertia of S with resl)ect to b'* are taken to I)(,

= 1.36 x -().39 10.8(I ().lfi × 1()" k_-lll 2

-0.24 ().L{i 5N.57

(.55)
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Table 1: Maxinmm Aeeeptabh, Values

Parameter Max Value

(i = 1,2,3t

0, 1 <leg

_)i 0.2 deg/s

/_i 6,779 N-m-s

Hi 6,77, <) N-m-s

f/_idt 2.7 x 10 'i N-III-s 2

.]" tTIidt 2.7 x 10 ti N-ln-s _

j Oidt 1000 deg-s

which are the same values (in metric units) as those associated with Phase 1 in Table 1 of Ref. [3 i.

with the exception of I13 which is suspected to be a typogral)hical error, the correct value being

-11.24 x 1()_i shlg-ft 2.

The value of w used in Ref. [3] represents the lnonlent about 5,* of aerodynamic fi)rces exerted

on tit(, Phase 1 configuration of 5' when tit(' attitude is near TEA: it is givell 1)\

1
1 sill 2,t)b._, +(1 + sin )_t + -sin 2,t)b:_ N-m1 sin 2/_/)bj + (4 + ')sin _t + 9 ')w = 1.3(;[(1 + siu,t + _ . - _

(5_i1

where H. the magnitude of xw l,. is taken to be 0.0()1131 rad/s.

Each flw,vheel pair in tile FESS is required to discharge 4.400 W of power during tile portion of

the orbit that lies within the Earth's shadow, known as the period of eclipse. The remaining portion

of the orbit, during which sunlight reaches the slmeecraft, is taken to be twice as long as the eclipse.

Therefore. for each orbit, the total power that nmst 1)e supplied by the' 4N l)airs of flywheels in the

physical system is given I)y

_/SF = j 48x 2,200W= 105.6kW 0<t< :_'22_',, (charge) (57)
t 2 2_, < t < 2_ (discharge)48 x -4.400 W = -211.2 kW 3 ,, ,,

where the bar over P indicates a knowlt time(ion of t to be used in eonnectioll with the pseudo-

inverse steering law developed previously. The alternatiw, steering law is refiwred to as a divided

power law I)eeause the power requiremellt is divided into three equal parts, therefore ,s/sF, :=

t_pf.) = B_t,?_ = 1 f3_F. or
3

I_/5 F. _ 35.2 kW 0 < t <_ ':{2,, (charge)

[ -70.4 kW :_22_,, < t <"2_,__7 (discharge) (i = 1.2.3) (SS)

The FESS would have been made up of 96 flywheels: since tho present model involvos only 6

l'otors, a sealing factor of 96/6 = 16 is used: thus ,l - 16 × 0.301() kg-ill 2 = 4.S2 kg-m 2.

Energy Feedback

The power possessed by the flywheels, given in Eq. (35), can diflbr froln the value required by

Eq. (57) when ('d ¢ 0. If left (rechecked. such unwanted l'esistanee o1' dalnpillg will lead to a

diflbrelwe between gpF alld Bpf'" that increases with time. to rotor speeds that exceed their

lnaxilnllIll alld minimmn limits, aud to singularities in the steering laws. These deleterious efli,ets

of dmnl)ing can be eliminated I)3" the control system through ti'edtmck of rotational kinetic ener,gy

error.
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as

Tilt' total rotational kinetic energy BI(I'" of the flywheel rotors relative to B can he expresst,(l

9

BK r ,1

i=4

anti tilt, pow(,r of F ill /3 is given by the derivative of BK F with resl)ect to t,

One can regard the requirt'd power B/5 r
B

( 5 .q)

_Spr = _d t_K1., (50)
dt

as the tinle derivative of a required kinetic energy of F in

BpF = __dHfx_t,, (61)
dt

mid defin(, a kineti(: energy error (<k as tile quantity

zZ F' F
ek = t_K - P'A"

tllat is governed I)y the (tiflbrential eqllatioll

d r_N_, F) UpF,'k = ( - "R = -

((i2)

t_y, _, L ((ia)

WIl(q(, % is (lefin(,d to 1)(, tile error in power, or the different(, }mtwet'n the actual anti l't'quirt'(I values.
Th(_ LQ1R ttx:hniqut, can l)t' used to control the kinetic energy error l)y nlininlizing tilt, ('()st fuucti()n

7'E = (A _,_.2+ _2) ,It (64)

where A is a weighting l)aranwt('r on tile kineti(: energy error of the flywhe(,l svst('m. This h'a(Is t()

a feedback controll(,r ill whM1 the required power is adjusted by the anlount -v/-£(#. Thus. the

co'mmalMed power is defin(,d to b('

((;5)

and is used in plat(' of J_P r' ill Et 1. (43) for tile pseuttt)-invers(' st(,(,ring law. Sinlilarly. a ('()nnnand(,(l

l)()we r 13p I,', (i = I. 2, 3) is ol)taintx[ for each of the till't,(' flywhetq pairs all(] tlst'd tt)Keth(q" with

Eqs. (51) an(l (52) for tilt, divid(,tl l)ower steering law. Tht' lntwits of this kineti(' ('nerKv t,rr()r

feedbat:k ar(, illustrat(,(l pres('nHy.

Control System Block Diagram

Th(, I)lock (liagram ill Fig. :_ shows tilt' LQII (controller), flywheel st(,el'illg law. and kin('tic (,n('rgy

error feedlmck ttl'r&llgt,d to ft)l'lll a COml)lete (:ontrol systenl ill MATLAB/Simulink ®. Th(' (liff('l'tultial

equations governing the behavior of tile plant model are pla('e(l ill a Simulink ® S-Fulwtion t() l)t,

nunlt,ri('ally integrated and l)rovide the value of the state {:r} at tile ('urr(,nt sinmlatit)n tim(,. Tilt,
(qlrrellt vahl(, of tilt, state is fed to tilt, controller S-Fmlction. where it is mall(, nondinlt,nsional and

th(,n multil)lietl I)v the LQI/-derived state feedback gain matrix t() g(,nerat(' the control tt)rqu(,s r
and "7. The (:ontrollt,r also deternfines the kinetic energy error of tile flywheel system. (k, n(,(,th,<l t(,

(:alculat(' tilt, connnan(led pow(,r, t_p I.'. that is used together with tilt, flvwhe(,l C()lltrol tol'qU(' "7 in

the flywh(,(,l stet'ring law t()obtain tilt, flywheel motor torque nmasurt' nmnb('rs ill {!I} {see Eq. (42)].
Th(,s(' al'e SUl)l)li(,tl t() the l)lant m()d('l, and the control loop ('ycl(' is r(,p(,at('(1. (The subj(,('t ()f ('_IG

st('('l'illg is well mM('l'st()()(l: th(,r(,for(,, our sinlulations do not inclu(h' a nl()(h,l of in(livi(hml ('MG

giml)al motions.)
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TEA Seeking

The Torque Equilil)rimn Attitude (TEA) of a spacecraft is defined its the orientation fi)r which the

angular acceleration of B in N vanishes. The i)res(,iH IS5 attitude and CMG momentum control

algorithm can keel) the orielltatioIl in the neighl)orhood of a time-varying TEA ahnost indefinitely.

without requiring any expenditure of propellant fiom the Reaction Conlrol System. In what follows.

the design of a control law that seeks TEA with CMGs and fl_vheels is described briefly, and

then simulation results are presented that illustrate the peI'tbrmance and features of our control

and steering laws. We first illustrate tit(, consequences of failing to COllnt(,ract daniping, and then

demonstrate the advantages of kinetic enerKv (,l'i'()l" feedback.

St,(,killg a TEA requires regulating the states contained ill the IS x 1 cohmm lllatl'ix

{:,'} [ 0;, 0_, 0._, u; ..... /,; ..... H_ ..... .l/,T<,*. .... .fH;dt*.... ]r (_i_;)

Weighting matrices [Qj and JR) are ('Ol_struct(,d with th(' associated values presented previously. The

matri('es [A]. [Q]. and [/31 are dimensi()n(,d lS × lS, iS × IS. and 18 × 6. respectively, it, a.ccor(lallt'e

with the numl)er of regulated stat(, variables for this control scheme.

Simulation results for this control law. discussed in the remaind(,r of this section, are obtained

with the foll()wing initial values of the state varial)h,s. Angles descril)ing th(, orientation of 13 in L at

t = t0 art, Ol(t,)) = 5 ° (pitch). 020'0) = 5 ° (yaw). and O:_(t()) = 5 ° (roll). Angular sp(,(,ds associated

with '\'w zt (with t'w*_ = O) are U1(/II) = --!).Sii × 1()-'-' ra(l/s, t_,e(to) --1.12 × 10 -:{ rad/s, alia

t*:{(tl)) = 9.82 x l(l -'-> rad/s, l_otor sl)ilt Sl)ee(Is are u1(t()) = u(,(/0) = us(t0) -- -20.00() r])ill, and

tlr,(t()) = lit(f0) -= u!)(/u) = 2(),001) rpm. Initial values of ('MG lll()lllOlltlllll lll('ttSlll'(' ltlllll[)Ol'S tit'('

hilt0) he(to) = h:t(tlt) - O.

Dalnped Flywheel Rotors

Th(' d(,trimental efl'(,cts of daml)ing are illustrated by l)erforming it simulation with Cj = 1() s N-

m-s. ()nt' might It(, t(,nq)t(,d to neglect such a seemingly small (,fl'ect. ('Sl)ecially (),,'el' the short term.

l)ur it is shown her(, to I)(, trol]l)h,som(, if not dealt with over long p(,l'iods. The performance of tlt('

TEA-set'king control law without Ibedl)ack of kinetic energy error ix recorded in Figs. 4 7.

Figure 4 sh()ws th(' time hist()ry of the attitude angles and the inertial angular veh)city. Th(" solid

curve is used li)t' 01 (pitch). tim dasited curve for 02 (yaw). an(l tit(, dash-dot curve is us(,d li)r 0a

(roll). Tile average values of th('s(, orientation angles in the steady state are r('f(,rred to as average

torque ('(luilil)rium attitude angles, and are al)l)r()ximat(,ly the S/llllO its tilose shown in R(,f. [3j. -7.5"

in pitch. - 1.2" in yaw, and ().2 ° in roll. Tim low(,r l)lot of Fig. 4 sht)ws tit(' inertial angular velocity

rvsl)OnS(,, with Ill. ue. and ,:. shown with solid, dash(,<l, and (lash-dot curves reSl)ectively. Although

they at(' not shown, plots of th(' magnitud('s <)f h and H art' virtualiv id('nti('al, r('main l)(,l()w 14.()()()

14
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N-m-s over tilt, frsI orbit, and in the st('ady state relllaill well l)t,low 4.745 N-m-s. tit(, capacity of a

singh' ISS CMG.

The upper plot of Fig. 5 contains the actual l)OX_x,r delivered el> tit(' Sl)acecrafl by the flywheel

system as a fmwtil)n of time. The middle plot displays the error between tit(, a('tual power and the

required power due to tit(, damping in the flywheel system, which leads to the lal'ge secular kinetic

Oll(,l'aV [()ss of lllore thalI 5(1,000 kJ after 10 orbits, shown in the lower plot.

The kinetic energy error of the flywheel system is refl_,cted in th(' allgllli+tr speeds of tilt' flywht'(qs

relative t,> B shown in Fix. 6. Speeds of the flywheel pair whose spin axes arc, paralh'l to bl are

contained in tit(, upper plots, with tt.l represented bythe solid curve, and _15 indicated l)y the dashed:

spe_,ds of the pairs whose spin axes are parallel to b2 and b:_ are depicted in tll_, middh' and low(_r

plots, r(,spt'ctively. 'I'll(' flywheel rotor speeds exhibit a secular d¢'eay. No significanl difference

appears betweell the behavior resulting fronl the pseudo-inverse and divided power stl,ering laws.

pres(nded in the left and right cohmms, respectively.

Time histories of flywh_,e[ motor torques, in the present(' of damping, are disl)layed ill Fig. 7

wher(, the results in the left alld right cohilnns are associated with ttw l)Selldo-invel'se and divided

power steerillg laws, respectively. The effects of daml)ing appear to b(, ilegligibh, at frst: howew'r.

after sonic' time it is al)l)arent that daml)ing causes the' motor torque magnitudes to incwase, with

(,ither steering law. Insl_ection of Eq. (39) indicates that the secular decay in rotor spe('ds r(,quires

all in('reitse ill lllotor tol'qlleS ill order to prodilce the r('(tllired power. The illCl'eas_' ill lllOtor (or(ill('

lnagliitud(,s ilnplh,s furth(,r power losses _us more electrical power must be diverted to the nlotor-

14ell(raters in order to meet th(, attitude control and pow_,r management requirements sinmltaneously.

Counteracting Damping with Kinetic Energy Error Feedback

To colnl)ensate tier dampinI4, the kinetic en(,rgy error f(=edback design is elnl)loyed with a weighting

paratn(,icr ,\ o|' 1 s _. The lmralneters of tit(' previous simulation are used again, leading to the

r,,sults rl,ported ill Figs. S 10.
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Figure8showsthat kineticenergyfeedbackeliminatestheseculardecayofrotorspe(,dsseento
resultfl'omflywheelrotordampinginFig.6. Thettvwheelmotortorquesareshownin Fig.9. It is
immediatelyclearthat themagnitudesdonot incre_sewith tilneasth(wdo in Fig.7. Thepower
error% shownin themiddleplotof Fig. l(l isquitesmallandleadsto thekineticenergyerror_a.
disl)lay(,din the lowerl)lot,wldchissmallandl)('rio(lic,in contrast t() the secular decay obtained

without energy fe(:dback (A = 0 s-2).

The kinetic energy error f(,edback method coml)(msates for daml)ing very eff('ctiv('ly, as illustrat('(l

by Figs. S 10: thes(' results are virtually t h(' sam(' as thos(' obtain('d with (',t = 0 and no energy

fi'(,(ll)ack, although Sl)a(:(! limitation l)revent us from including them S('l)al'at('ly.

CONCLUSION

Gen(,ral, nonlinear equations governing motion of a rigid sl)acecrafl containing flywheels and ('MGs

are l)r(,s(,nt(,d ill vector-dyadic form. A set of twelve scalar equations ix obtained by applying the

gen(,ri(' r('lationshil)s t() the Sl)('cial case of a COlnplex gyrostat with thre(, l)airs of llywh(,(,ls momlted

in orthogonal directions. Existing literature contains equations for describillg motion of a sl)ac(,-

craft with C.M(;s: th('y folh)w fl'om th(' generic ones under two reasonal)le aSSUlnl)tions. Th(, exact

('quatiollS f()r the ('omplt_x gyr()stat, and the al)l)roximat(' relationshil)s associate(l with CMGs at('

C()lnl)in('d t() forn| aI)l)roximat(' equations for a Sl)acecraft with flywheels and CMGs. and subs(,-

qu('ntly lineariz('d and nondimensionalized in l)rel)aration for design of linear control laws.

A contl'()l law has l)('en designed ft)r an Earth-pointing sl)acecraft, and nmnerical silntdation shows

that it performs w(,ll in controlling torque equilibrimll attitude, the (,Imrgy stored in ('ounter-rotating

fl3_vh(,els, and angular in()in('ntuln ()f the flywhe(,Is and CMGs. Two steering laws are d('vel()l)(,d

for ellsurillg that attitude control and energy storage requirements are met simultaneously by th('

fl>_vh(,els. Th(, design of a method for feeding 1)ack error in th(' rotational kinetic (,n(,rgy ()f th(,

flywh(,el rotors in order to (,limim_te l)roblems caused l)3, rotor damping is shown to b(' effectiv(,.

P()ssibl(, topics for futul'(, research inc:lucle control in t|m face of imperfect knowledg(' of inertia

im)l)erti(,s, and ml('qual distribution of th(, attitude control workh)ad ])(,tw(,(,ll the Ilywh('('Is and

('MGs.

Th(, promising results demonstrated here for control of power, momentum, all(l attitud(' of Earth-

pointillg Sl)aC('(:rafl suggest that it would be worthwhile to examine the very important class of

in(,rtially oriented spacecraft.
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